Feb 22 - 2023 -- notes

d« = Xe - Xk (A Xe = Db)

re« = b - A Xk = A (Xe - Xxk) = A d«
Xk+1 = Xk *+ Ok Ik

re - Ok A rk

Fk+1
dk+1 = Xe- Xk+1 = Xe - (Xk + Ok rk) = dk - Ok rk
(A dk+1, dk+1) (A dk+1, dk - dk rk) = (rk+1, dk - Ok rk)
(re+1, dk)

= (rk - ok Ark , A1 rk)
re, At rk) - 0ok (re , rk)
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( re, A"t re)[1 -ak (rx , rx)/ ( re, A 1 rk)]
( re, At r)[1 - (re,re)2/((Ark,rx) ( re,A 1 rv))]

< (r,A T r)[L - 4 Aha/ (A1+An)2]

( A dk,dk)

convergence of steepest descent:
If A1 2 A2 =2 = = An then
A1-An K - 1

- = — K = condition number = A1 / An
A1+An K + 1

r=r -oaAr L Ar (r - a Ar, Ar) =0 - a = (r,Ar)/(Ar,Ar)

MR
assumption A is positive definite (not necessarily symmetric)

(Ax,x) >0 for all x # 0 (real)

(AX, X)

(x, AT x) = (ATx ,Xx)

(AX, X) % ((A + AT) X, Xx)
% (A + AT) = symmetric part of A - it is assumed to be SPD.
CLAIM: there is a p >0

(AX,X) =% ((A + AT) X,X) = U (X,X) for all x u >0



M = smallest eigenvalue of symm. part

=x+ad d = AT r

=r - aAd L1 Ad (r - aAd, Ad) =0 - a = (r,Ad)/(Ad,Ad)

a = (r,Ad)/(Ad,Ad)

(AT r,d)/(Ad,Ad) = (d,d)/(Ad,Ad)
normal equations:
AT A x = AT b (NE) residual = AT (b - A Xx)
d = AT (b - A x) = residual for normal equations
steepest descent for NE
X=x+ad
[d=d - o (ATA) d ]
a=(dd) /7 (AT Ad,d) == (d,d) /7 (Ad, Ad)

Krylov methods = residual pol.
(1 - akt)(1 - ak-1t) ... (1 - aet)
pk+1(0) =0 - Pk+1 (t) =1 -t qk(t)

min degree for which :
p(A) vi = 0 (p of degree k)

GRADE

Arnoldi - step j

W =AVj

W = Avj - hi1j vi - h2j v2 .... - hjj vj

hj+1 =

Vi+i = w/hj+1 = hj+1 vj+1 = Avj - hi1j; vi - h2j v2

N hij vi + h2j v2 .... + hj; vi + hj+1 vj+1 = A Vvj

Av; =5 (from i=1 to j+1) hi; vi

- hjjy vj



