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HMMs and Matrices
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P(x,,x) 0.6 l l i i\ P(efx) 03

P(e|-x) 0.8
P(x.|-x) 0.9 td %
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We can represent this Bayes net with matrices:

0.6 0.4
P@iafey) =T = {0.9 0.1}

The evidence matrices are more complicated:

0.3 0 0.7 0
Plede) =B 'y’ o] Ploadm <= | o))

both ]USt called E , which depends on whether e or —e



I HMMs and Matrices

I This allows us to represent our filtering eq:

I — aP(eg|z) Y ( (zilze_1) f(t — 1))

Lt—1

.. with matrices:
Ft—|—1 — OéEt+1TTFt

... why?
(1) Gets rid of sum (matrix mult. does this)

(2) More easily to “reverse” messages
F=d (T B, Fi



HMMs and Matrices

This actually gives rise to a smoothing alg.
with constant memory (we did with linear):

Smooth (constant mem):

-1. Compute filtering from 1 to t

-2. Loop:i1=tto 1

-2.1.  Smooth X (have f(i) and backwards(i))

-2.2. Compute backwards(i-1) in normal way
-2.3. Compute £(i-1) using previous slide



I HMMs and Matrices

I Smoothing actually has issues with “online”
I algorithms, where you need results mid-alg.

The stock market is an example as you have
historical info and need choose trades today

But tomorrow we will [
have the info for today [EEGETINSN
as well... need alg to not SN
compute “from scratch” i

F 17700



HMMs and Matrices

With smoothing, the “forwards” message is
fine, since we start it at £(0) and go to 1(t)

We can then compute the “next day” easily
as f(t+1) is based off f(t) in our equations

This is not the case for the “backwards”
message, as this starts b(t) to get b(t-1)
b(k) =Y  Plers1lane1)b(k + 1) P(xpi1|ar)

Pt As matrix: By = TFEy11Briq



I HMMs and Matrices

I The naive way would be to restart the
I “backwards” message from scratch

[ will switch to the book’s notation of B,
as the backward message that uses e, to e,
(slightly different as B, uses e, toe)

Thus we would want some way to compute

B..., from B, without doing it from scrath



HMMs and Matrices

So we have:

1 1
B =Tk, L} Bi.o = TFETEs L} Bo.o = TE» L}

In general: B, = ( ﬁ TEi) H

1= 1
This [1,1]' matrix is in the way, so let’s store:

. k
Bj:k — ( H TE@) i starts large,

1= then decreases:

: - —17 _ for(i=j-1; i>=k; i--)
coe theDZ BQ:Q — El lT 1Bl;1TE2 or(1=j

.. or generally if j>k: B = ( If E'T) BBy

1=7—1



I HMMs 1n Practice

I One common place this filtering is
I used is in position tracking (radar)

The book gives a nice example that is more
complex than we have done:

A robot is dropped in a maze (it has a map),
but it does not know where...

... additionally, the sensors on the robot does
not work well... where is the robot?



HMMs 1n Practice
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(a) Posterior distribution over robot location after E4 = NSW‘

where walls are
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(b) Posterior distribution over robot location after E1= NSW,Eo= NS



HMMs 1n Practice

20% error per direction
(1-.8%) = 59% at least one error
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I This is just “filtering” (in HMM/Bayes net),
except with continuous variables

Kalman Filters

How does all of this relate to Kalman filters?

This heavily use the Gaussian distribution:

1 —1 (z—p)? —1 (z—p)?

N(p,0%)(x) = —ec? 7 =we? 2

thank you al/f)ha!



Kalman Filters
Why the preferential treatment for Gaussians?
A key benetfit is that when you do our normal
operations (add and multiply), if you start

with a Gaussian as input, you get Gaussian out

In fact, if you input a linear Gaussian input,
you get a Gaussian out: (linear=matrix mult)

More on this later, let’s start simple



I As an example, let’s say you are playing
I Erisbee at night

Kalman Filters

1. Can’t see
exactly where
friend is

2. Friend will
move slightly
to catch Frisbee




Kalman Filters

Unfortunately... the math is a bit ugly (as
Gaussians are a bit complex) -

o2 - is how much
friend moves

Here we assume: 3
—1 (ajt_|_1—xt)2

P(zis1|ze) =ae® 78 = N(z,07)(Te41)

2
Pet|lry) =ae® & = N(xy,02) (e
variance is can ’t see well”

How do we compute the filtering “forward”
messages (in our efficient non-recursive way)?



Kalman Filters

Unfortunately... the math is a bit ugly (as
Gaussians are a bit complex) -

o2 - is how much
friend moves

Here we assume: X -

—1 (41 —ay)?

P(rip1|re) = ae ” i = N(z¢,02)(xt+1)

—1 (eg—zy)?
P(etay) =qe ? e = N(x¢,02)(ey
N variance 1s can 't see well”

erm... let’s change variable names
How do we compute the filtering “forward”

messages (in our efficient non-recursive way)?




Kalman Filters

Unfortunately... the math is a bit ugly (as
Gaussians are a bit complex) -

o2 - is how much
friend moves

Here we assume: 3
—1 (ajt_|_1—xt)2

P(zis1|ze) =ae® 78 = N(z,07)(Te41)

—1 (Zt—a?t)2
2 o2 _
P(z¢|x:) = e =~ = N(x,02) (2 §
variance is can ’t see well

How do we compute the filtering “forward”
messages (in our efficient non-recursive way)?



Kalman Filters

P(ze11]7) = N(xe,07)(2e11)

X X —=X,
P(X,, %) 0.6 PElx) 03 P(xo) = N(0,1) l
el|-x) 0.8
P(x.,,|-x) O ot
Zl

P(z|zy) = N (2, 07)(21)

<

The same? Sorta... but we have to integrate
F1 =P . aﬁo)P(iEo)

F1 — P(21’£I§1) ffooo P($1’$0)P(£C0)d$0



I Kalman Filters
I I = P(z1|x1)/_oo P(x1|xo)P(xg)dxg

I = N(z1,02)(z1) /_ h N(zo,02)(x1) - N(0,1)(z0)dzo

o0 —1 (z1—=0)? 1 o
— N(z1,02)(z1) / ac® E /e Wdag
— 00
o0 —1 (1 —xq) —}—0'23:(2)
:@N(%,Ug)(zl)/ e’ & dx
— OO

2

o0 -1 (1—|—J2) 2 (— 2:1:1)
A 2+ o+ 2
ozN(xl,az)(zl)/ 7 (o2 et g




Kalman Filters

Hopelou feel

But wait! There’s hope!
We can use a little fact that:

b2
2 —b\2
ar” +br+c=a(r—57)° + (0—4—)
a \
N —’ _
does not contain x
0O _1,(402) 2, (—2z7) 7
. + +I1
7 — aN(xl,ag)(zl)/ PR SR
— 0

b2

:@N(xljgg)(zl)e%(c_ﬂ)/ ez (@lro= )" dag



Kalman Filters

Hopelyoulfeel

But wait! There’s hope!
We can use a little fact that:

b2
ar? +br+c=alz— 2)* + (0—4—)
——

does not contain

0'2 — 22 X
—21((1_:2x)x8_|_( 221).’L‘ _|__1

o
Flz&N(xl,ag)(zl)/ e z 2 ok
— 0

2 =1

:@N(whgg)(zl)/ ez (a(zo—57) €7<c—%)d% This is just:
0 N(32, 1)




_ 1+O- b — —2.’131

0:}0

Kalman Filters

3
y €= 3
O-CB :B

2 O 14 b2
&N (z1,02)(21)e= -le—52) / ez (alwo—32)% qa

alN (x1,

—b 1
2a’ a>(x0>dx0

N

02)(z1)e 2 (o Ha) N(

‘@

&N (xq1,0 )(7«’1)‘9_T _4a) -1 area under all of normal

@N(Cbl,

@N(afl,

@N(aﬁl, o)

CAVN(CUl,

@N(ﬂ?l,

o2)(z1)e 2 7

Jg)(zl)e 2 (1+c2)c2

—2xq y2 distribution adds up to 1
(—31)

=
N\
8

2
2 O'Q% 1—'—0‘%

O‘?)(Zl)e o2 .1

x% _ 433%/‘7% )
2 4(1+o32)/c27 . ]
2 _1(w§(1+02)— wi 5 )
Z)(Zl)e 2 toz(+oz)  (Atoz)oz

-1

2 2 .2 2
—1 :1:1—|—O'xa31—x1)

-1

-1 xq
o2)(z1)e ? TE) 1



Kalman Filters

N(zy,02)(21)e 3 (75h)

o)
(Zl-(l?l) ) —1 CC12 )
oe 2 az é 2 1+oz
—1 (21—331)2 m%
Se 2 ( -2 +1+092@)
—1 (21—1‘1) (1+02)+0 331)
ae ax® + b.cL‘—I— c=a(r— 5 )"+
—1(,1to24+02\ o 2 LS g
Ge ((o§<1+o%> a3 +(~221 /02)z1 21 /0?)
Za(z1—37)7 +(C——)
N =l(a_b%y —1 —b\2 ) .
dez (c-da)ez e(@1—35)"  gross after plugging in
oz — 5) a,b,c (see book)

—



Kalman: Frisbee in the Dark

1 02—|—02
0= 22229 b= —22/02 ¢c=2%/0?

o2(1+03)’

Initially your friend is N(0,1) 0°




I Kalman: Frisbee 1n the Dark
I o= ot —2z1/0%,c = 2% /07

o2(1+03)’

Initially your friend is N(0,1) /0"

Throw not pertect, so friend 0
has to move N(0,1.5) (i.e. move from black to red)



Kalman: Frisbee 1n the Dark

1—|—a§—|—0§

_ _ 2 2 2 ,
a4 = a§(1+a?g)’b_ _221/0276_Z1/0z 9
- @
-

But you can’t actually see your
friend too clearly in the dark

You thought you saw them at 0.75 (0°=0.2)



a —

Where is your friend actually?

Fi=dae> 2a

Kalman: Frisbee 1n the Dark

1—|—a§—|—0§

_ 2 _ 2 2
a§(1+a?c)vb— —221/UZ,C—Zl/UZ 9
® e
-




Kalman Frisbee 1n the Dark

[+15+02

= 54,b=-2(0.73)/02 = ~T5,¢ = (0.75)2/0.2 = 28125
(L) U c=(075) 9
| § ’ -

- n(,-.+) Probably 0.05 0" 0.75
— N(0. 69mleft” of where you “saw” them




I So the filtered “forward” message for
I throw 1 is: N (0.694,0.185)

Kalman Filters

To find the filtered “forward” message for
throw 2, use N(0.694,0.185) instead of N(0,1)
(this does change the equations as you need
to involve a p for the old N(0,1))

The book gives you the full messy equations:

fppq = loito)zmto 52— (gitoz)o?
t+1 02402402 t+1 = 52402402




I So the filtered “forward” message for
I throw 1 is: N (0.694,0.185)

Kalman Filters

To find the filtered “forward” message for
throw 2, use N({.694)0.185) instead of N(0,1)
(this does chapge the equations as you need
to involve a1 for the old N[0f1))

The book gwes yawthe full messy equations:

(07 +02)zea1+0ue 52 _ (02402)0?
,U‘t—|-1 o _|_0-2_|_0- t—|—]_ 2—|—O'2—|—O'2




I So the filtered “forward” message for
I throw 1 is: N (0.694,0.185)

Kalman Filters

To find the filtered “forward” message for
throw 2, use N(0.694[0.185) instead of N(0,1)
(this does change the\equations as you need
to involve a p for the old N (0{1))

The book gives you the\full messy equations:

o? 0 )zt+1—|—a [t 2 | Iaf—l—aw)az

i1 =



I The full Kalman filter is done with multiple
I numbers (matrices)

Kalman Filters

covariance matrix

. ~ 3 @=m)TE (- ))
Here a Gaussian is: N(u, ) = ae ( 8 8

Bayes net is: (F and H are “linear” matrix)
P(ziq1|we) = N(Fog, Xg)(Te41) -
P(zt\xt) _ N(H.CIZ‘t, Ez)(zt) /dentlty matrix
Then filter update is: Zt+1 = (I - Kip 1 H)(FS, T +3,)
,ut+1 — F,ut —|— Kt—l—l(zt—l—l — HF,ut) yikes...

e
Kio1 = (FS FP + S ) VHY (H(FS FY + X)) HY +3,)71



Kalman Filters

Often we use L}J for a 1-dimensional

problem with both position and velocity

To update x _, we would want: zi+1 = 2 + v,

t+1°

In matrix form:
P(xiy1|re) = N(Fay, Xp)(T41)

p=y 1] so = |- [r] =[]

So our “mean” at t+1 is [our position at x+v |
X



I Here’s a Pokemon example (not technical)
I https://www.youtube.com/watch?v=bm3cwEP2nUo

Kalman Filters



I In order to get “simple” equations, we are
limited to the linear Gaussian assumption

Kalman Filters

Downsides?

However, there are some cases when this
assumption does not work very well at all



I Consider the example of balancing a pencil
I on your finger

Kalman Filters

How far to the left/right will the pencil fall?

Below is not a good representation:

B



https://www.youtube.com/watch?v=bm3cwEP2nUo

Kalman Filters

Instead it should prohably look more like:

goes left goes iright
... where you are deciding between two

options, but you are not sure which one

The Kalman filter can handle this as well (just
keep 2 sets of equations and use more likely)



Kalman Filters

Unfortunately if you repeat this “pencil
balance” on the new spot... you would need
4 sets of equations

3" attempt: 8 equations

A™ attempt: 16 equations

... this exponential amount of work/memory
cannot be done for a large HMM
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