Hidden Markov Models

(Ch. 15)

BABE'MY'LIEE IS A
MARKOV CHAIN

GIVEN THE PRESENT, THE
FUTURE DOES NOT
DEPEND ON THE PAST




Why Gibbs works

To understand why Gibbs sampling works,
we first need a bit more on Markov chains:

miv1(x') =Y m(z) - P(xr — 2’)y  Prob change states
N AN “(you just did this)
prob to getnext  prob in a state  (e.g. [-a,b,c] - [a,b,c])

state (e.g. [a,b,c])  (e.g. [-a,b,c])

With the properties of irreducibility and
aperiodicity, we will converge to a
stationary distribution (i.e. stop changing)

mi1(z) = m(x) (I will stop writing t’s)



Why Gibbs works

One way way to satisfy in-flow=out-flow is
to simply say you must have equal flow

between pairs of nodes
m(x)P(x — 2') = n(2")P(x’ — x)

From here it is enough to show that if you set:
n(x) = P(a,c,d|b), where x = {a,c,d}
P(x — x’) = P(x|MarkovBlanket(x))

... you will satisty the stationary requirement



Why Gibbs works

In our P(a,c,d|b) example:
m(a,c,d)P(|la,c,d] — |—-a,c,d])
= P(a,c, d\b P(—alb, c,d)
P(alb, e, d)P(ec, d|b) P(~alb, ¢, d)
— P(a\b,c d)P(—a, ¢2d|b)
= P(|—a,c,d| — |a,c,d])m(—a,c,d)

Thus we have our required property:
m(x)P(r — 2') = (") P(x’ — x)



Why Gibbs works

I In general
I m(x)P(x — 2)
= P(z|e)P(x;| %, €)
T, :Ei\e)P(:UZ- T;,e)

(

(x;]T;, ) P(Z;|e) P(x|z;, )
(2 (

(

|z, e)

Note:

Technically, when finding P(x — x’) we have all variables as
given, but we only use the Markov blanket as the other
variables are conditionally independent



I Gibbs vs. Likelihood Weight

What are the differences (good and bad)
between this method (Gibbs) and the one
from last time (Likelihood Weighting)?



Gibbs vs. Likelihood Weight

Good:
- Will not ever generate a 0 weight sample

(as uses all evidence: P(cl|a,b,d) not just
parents in LW: P(c|b) )

Bad:

- Hard to tell when “converges” (no Law of
Large Numbers to help bound error)

- Transition more unlikely if large blanket (as
more probabilities multiplied = more variance)



/7777...

The rest of the chapter both:

- Gives real-ish world examples to use algs.

- Shows other ways of solving that (in general)
not as good as using Bayesian networks

This is kinda boring so I will skip all except
the last part on “Fuzzy logic”



I So far we have been saying things like:
I A=true ... or ... OverAte=true

Fuzzy Logic

Fuzzy logic moves away from true/false and
instead makes these continuous variables, so:
OverAte=0.4 is possible

This is not a 40% chance you overate,
it is more like your stomach is 40% tull
(a known fact, not a thing of chance)



Fuzzy Logic

You can define basic logic operators in
Fuzzy logic as well:

(A or B) = max(A,B)

(A and B) = min(A,B)

(=A) = 1-(A)

... S0 if OverAte=0.4 and Desert=0.2
(OverAte or Desert) = 0.4

However, (Desert or -Desert)=0.8
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Markov... chains?

Recap, Markov property:

P(zpi1|Tn, Tn-1,Tp-2 " 20) = P(Tpi1|2s)
(Next state only depends on current state)

~cy Pick B 70 Pick C £7C%
a\b/—>d g i VNG LEE, U Nty
X0 X X,

For Gibbs sampling, we made a lot of samples
using the Markov property (since this is

1-dimension, it looks like a “chain”) w



I For the next bit, we will still have a “Markov”
I and uncertainty (i.e. probabilities)

Markov... chains?

However, we will add partial-observability
(some things we cannot see)

These are often called Hidden Markov Models




Hidden Markov Models

For Hidden Markov Models (HMMs) often:
(1) E = the evidence
(2) X = the hidden/not observable part

We assume the hidden information is what
causes the evidence (otherwise quite easy)

R/ A TR T A TR e

We only

€ € € €+ | know these

1 2 3



I Hidden Markov Models

Our example will be: sleeBdeprivation

I So variable X will be

if a person got enough
sleep on day t

This person is not you, but you see
them every day, and you can tell if
their eyes are bloodshot (thisisE ) |



Hidden Markov Models

If you squint a bit, this is actually a Bayesian
network as well (though can go on for a while)

X, 7> X, —X,—X,—/@ X, — __

P(x,|x) 0.6 l i l *‘\\.'W%M) 0.3

P(e|-x) 0.8
P(x.|-x) 0.9 gt
€ e, e, €,

For simplicity’s sake, we will assume the
probabilities of going to the right (next state)
and down (seeing evidence) are the same

for all subscripts (typically “time”)



I Hidden Markov Models

As we will be dealing with quite a few
I variables, we will introduce some notation:

E =E,E,E, .. E (similarly for X )

SoP(E,)=PE,E,E, .. E), which is normal
definition of commas like P(a,b)

We will assume we only know E. (and X )
and want to figure out X for various k



I Hidden Markov Models

Quick Bayesian network recap:

. S\
\b > d

P(a,—b,c,—d) = P(—d|a, b, c)P(c|—b,a)P(—bla)P(a)
= P(—d|-b,c)P(c|—b)P(—bla)P(a)
= H P(z|Parents(x))

xe Network

/

Used fact tons in our sampling...




Hidden Markov Models

XO—>X1—>X2—>X3—> X4—>

P(x,.|x) 0.6 l l i i\ P(efx) 03

P(e|-x) 0.8
P(x.|-x) 0.9 td %
el e2 e3 e4

So in this Bayesian network (bigger): Most
t Likely
P(X();t, El:t) — P(X()) H P(leXz—l)P(Ez‘Xz) Explanation
1=1

Typically, use above to compute four things:

Filtering Prediction Smoothing MLE
P(x¢ler.t) P(xiirler:) Plagler), b <t P(xieler)



Filtering in HMMs

All four of these are actually quite similar,
and you can probably already find them

The only difficulty is the size of the Bayesian
network, so let’s start small to get intuition:

s How can you find P(x,|-e,)?

1 (this is a simple Bays-net)
P(x,|x) 0.6 l‘\ P(elx) 0.3
P(x,lx) 0.9 P(ef-x) 08
t
1 P(Xo:tyElzt) — P(Xo) 1:[1 P(X’L‘XZ—l)P(E/L‘XZ)

XOTX



Filtering in HMMs

P(xz1|—e1) = aP(x1,—eq)

= P(xg, x1, e
Xy X, 2 Pleom e

P(x../x) 0.6 l\P(etlxt) o :&ZP(on)P(xl\mo)P(ﬁeﬂﬂfl)

P(x.,|mx) 0.9 P(el-x) 0.8

P(x,) 0.5

Lo

1
— aP(—eq|x P(xo)P(xq|x
Similarly, (—e] )%: (o) P(21]x0)
P(—x,|-e,) = a(1—0.3)-(0.5-0.6 + 0.5 - 0.9)
~0 050 ~ 0.920¢

So normalized gives: P(x,|-e,) ~ 0.913

91% chance I slept last night, given today I didn’t have bloodshot eyes



I Filtering in HMMs

P(x,) 0.5
—> —
I XO X1 X2

P(x.[|x) 0.6 l i\P(etlxt) 0.3

P(e|-x) 0.8
P(x,l=x) 09 @ o (e ]-x)

1 2

Find: P(le_lel,_lez)



I Filtering in HMI

'P(372|—I€1, —eg) = aP(xq, —e1, —es)

Double sum?!?!

A
I — o Z Z P(xg, 1, x9—e1, —€s) Double... for loop.."?

o I1

— aZZP xo)P(x1|zo)P(—er|x1)P(xa|x1)P(—es|xs)

o I1

— o E E P(—es|xo)P(xo|xy)P(—er|x1) P(xg)P(x1|xo)
Just computed this! z1 7o
It is P(x,|e,)

= aP(—es|xs) ZP(Q:2|:C1 (—e1|zy) ZP xo)P(x1|z0)

I1

= aP(—es|xs) (P(z2|z1) - 0.913 + P(:z:2|ﬂ:v1) - (1-10.913))
— a(1—0.3)(0.6-0.913 4+ 0.9 - (1 — 0.913))
~ 0.438

.. after normalizing you should get: ~0.854




I Filtering in HMI

'P(CL‘2|_|€1, —eg) = aP(x9,—er, —es)

Double sum?!?!

A
I — Z Z P(xq, z1,zo—€1, —€2) Double... for loop.."?

o I1

— QZZP xo)P(x1|xo)P(—er|x1)P(xa|x1)P(—es|xs)

o I1

@Y Y P(oes|ws) P(wa|er) P(—er|wr) Pxo) Py |2o)

ig!
Ju§t computed this! 71 7o
It is P(x,|e,) —

aP(—es|xo) ZP zo|x1 |P(—er|xr) ZP xo)P(x1|z0)

change to —x

P fee) = aP(men] (P |z1) - 0.913 + P‘-ml (1—0.913))
~0.0750 — (1 —0.3)(0.6-0.913 + 0.9 - (1 — 0.913))
~ 0.4380

.. after normalizing you should get: ~0.854



I Filtering in HMMs

In general:
I (wt|e1:t) = P(weler, e1.e-1)
= aP(x:,er,e1.4-1)
= aP(x:, eilers—1) (Note: different «)

(
aP(ei|xe, e1:4—1)P(zi]e1.—1)
(

= ol €t|£l?t €1:-+— 1) Z (P(xtyxt—1|612t—1))
1

= aP(et\a:t,el;t_l) Z (P($t|$t—1,61;t—1)P($t—1\€1:t—1)>

Lt—1

= aP(e¢|x¢) Z (P(xtlzvt_ﬂp(il?t—l’61:15—1))



Filtering in HMMs

In eneral
I P(x¢let, e1:4—1)

? Oép(xbetael:t—l)

P

(
aP(ei|rs,e1.4—1)P(xt|e1.t—1)
(

aP(ei|re, er:i—1) Z (P(xtaxt—ﬂel:t—l))

Tt—1

Ty, erler.—1) (Note: different «)

1
Q

ozP(et\a:t,el;t_l) Z (P($t|$t—1,61;t—1)P($t—1\€1:t—1)>

Tt—1

— aP(Gt\itt) Z (P(Cﬁt’xt—l) (xt—llelzt—l)
\ LTt—1
... same, but different ‘t’/




Filtering in HMMs

seneral:
I -5 P(xiles, e1.4—1)
v = aP(xs, e, e1:0-1)
= aP(x¢, erle1.4-1) (Note: different «)
= aP(ei|rs, e1.0—1)P(x¢]er—1)

= aP(et|xs,e1.4-1) Z (P($t,$t—1|€1:t—1)>

Tt—1

— ozP(et|xt, 61;t—1) Z (P(CUt|£Ut—1, 61;t—1)P($t—1|€1:t—1))

t—1

= aP(edz) (P('x”xt 1

t—1

Actually, this is just a re({rswe function




Filtering in HMMs

So we can compute f(t) = P(x |e, ):

- _ qy)actually an array;,
=aPlefr) 3 (Plarforn) (e~ 1)) 22l an aay

T \T/F for sum(or 1-)
Of course, we don’t actually want to do this

recursively... rather with dynamic programing

Start with £(0) = P(x,), then use this to

find £(1)... and so on (can either store in array,
or just have a single variable... like Fibonacci)



Prediction in HMMs

————————

T8 DO
P(ztler.t) ':-ﬁ?ltEFiIl
P(zii4le1+) | Prediction]
xk\el1:t), E<t) Smoothing
P(lezt‘el ) I\_A_Q_St hk@l.y- |
| _explanation

How would you find “prediction”?



I Prediction in HMMs

Probably best to go back to the example:
What is chance I sleep on day 3 given, you
saw me without bloodshot eyes on day 1&2?

P(x,) 0.5
— — —_—
XO X 1 X2 X3

P(x,,x) 0.6 l l\P(etlxt) 0.3
P(x,,|-x) 0.9 e o P(e|-x) 0.8
1 2

P(x, | —e,, —e,)=???



I Prediction in HMMs

I P(x3]|—eq,—es) = aP(x3, e, nes)

I :QS:;:;:P(:U07$17$27$37_'617_|€2)

o X1 X2

=ay Y Y P(xg)P(x1]m0)P(=e1|1) P(x2|z1) Plez|s) P(xs|zo)

o T1 X2

= &ZP(CEg‘ZEQ)IP(@Q’CE‘Q)ZP($2‘$1)P(‘|€1‘1’1 ZP To)P(x1|z0)

= Z P($3\332>|P($2‘ﬁ€17 ﬁ62) ‘/W}‘lew. .o

= (0.6 0.854 4+ 0.9 - (1 — 0.854))

~ (0.644¢
Turns out that P(—x,|-e ,—e ) # 0.356a, so a=1



I Prediction in HMMs

Day 4?

I P(x,) 0.5

Kgg T X~ X, — X —> X,

P(x,,Ix) 0.6 l l\P(etlxt) 0.3

P(e |-Xx 0.8
I:)(Xt+1|_'xt) 0.9 e e ( tl t)

1 2

P(x, | —e,, —e,)=?7??



I Prediction in HMMs

I P(x4]-e1,-e9) = aP (14,71, 769

I :OéSjS:S:S:P(Q}O’Q?l,wg,iﬁg,f&l,_‘el,_'€2>

Lo X1 X2 X3

=aY Y Y'Y Plag)P(xi]zg)P(—er|z1) Plwo]wr)P(—eg|ma) Plws]s) Plaalzs)

o T1 T T3

—OzZP ra|r3)|y  Plxs|eg)P(-eg|ts) ZP To|z1)P(=eq|11) ZP 10)P(x1|20)

L1 )

_O‘ZPM’???) («’173%61,%2 /thlﬂk I see

= (0.6 0,644+ 0.9 (1 - 0.644) a pattern here

~().707a
Turns out that P(—x,|-e ,—e ) # 0.293a, so a=1

(ax alwavs 1 now, as can move into red box)




Prediction in HMMs

—————-

0 DO
| ﬁhermg
VPrediction

P(xk\elm) k<t Smoothing
P(lezt‘el ) | Most thI’y- l
| _explanation !

We’ll save the other two for next time...
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