Convergence for the classical Jacobi [where largest entry is
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Proof of min-max characterization theorem
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assume

min (AX,x) 7/ (X,Xx)
S)=k x € S

XZ 0

min (AX, X)
S)=k x € S, ||x||=1

Ui, ...., un] be an orthonormal basis of eigenvectors
H D = diag[A1, ..., An]
n eigenbasis as x=Uy

(UDU" Uy, Uy) = (UDy, Uy) = (Dy, U" Uy) = (Dy,y)

> Ai yi?

be any subs. of dim k.

= span {uk, ...., un} [number of vectors: n-k+1]

cannot be the zero set
must contain a nonzero vector.
that ||xv]|]2 = 1

Let Xv

be that vector



Xv = Y Yi Ui

n
(A Xv, Xv) = Y Ai yi? each Ai is < Ax

i=k
(A Xv, Xv) = Y Ai yi?2 < Ak
therefore min (AX, X) < Ak [For any S]

xX€E S, | |x]|=1

2) Need to show that one particular S reaches the bound
Let
Se = span{ui, Uz, ..., Uk } [dim = K]

consider : min
X€ Seo, ||Xx]|]|=1

k

(AX,x) = Y Ai yi2 = Ax - and min is reached for ux
i=1

2-norm of A :

|1 A ]2 = maxx || Ax||2 7/ || x|]? = max (AX,Ax)/(X,X)

max (AT AX,X)/(X,X) = Amax (ATA) = 012 O

Practice exercise 11. [interlacing property]

| Bc | y
A= |cTd | @ uru
Ak = max min (AX, X)

dim(s)=k x € s, ||x||=1

Let x = [y; 0] wherey € R n-1
Ax = [ By ;octy ]
(Ax,x) = (By,y)

Let Se be the subspace consisting of vectors of the form x=[y;0]
where y € S

dim(S) = dim(So)



Ak max min (AX, X)

S,dim(S)=k x € S, ||x]|=1

Ak = max min (AX, X)
Se,dim(Se)=k x € S, ||Xx]|=1

x=[y,0] - (Ax,x) = (By,y)

Ak = max min (By,y) = Mk
S,dim(S)=k y € S,|ly|l=1

Ak = min max (AX, X)
S,dim(S)=n-(k-1) x € S,||x||=1

codim(S) in R » = n-dim(S)

Ak = min max (AX, X)
S,dim(S)=n-(k-1) x € S, |[|x||=1

< min max (AX, x)
Se,dim(Se)=n-(k-1) x € Se,||X]|]=1

< min max (By,Vy) = Mk-1
S,dim(S)=n-1-(k-1)+1 y € S, ||x||=1

Remember that B is 6% size n-1 (!)
dim(S) = n-k+1 = n-1 -(k-1) +1

Courant characterization

A1 = max (AX,X)
[ Ix]]=1

A2 = max (AX,Xx)
X L u:



